INTRODUCTION
The notion of a fuzzy set was first introduced in 1965 by Zadeh [12] . Since then the theory of fuzzy sets has gone through remarkably rapid strides with well over 4000 papers by now (see, for example, the bibliography [3] ), several textbooks (for example, [2 and 6] ), and an international journal solely devoted to it [S] . The theory has found wideranging applications in such diverse fields as automata, control theory, decision theory, and social behavior pattern studies, to name just a few. For an interesting, expository account see Rosenfeld [lo] , and also the book review [7] .
In [9] , Rosenfeld introduced the notion of a fuzzy group and showed that many concepts of group theory can be extended in an elementary manner to develop the theory of fuzzy groups. In particular, he characterized all the fuzzy subgroups of cyclic groups of prime order [9, Proposition 5.101 . Fuzzy groups were further investigated by Das in [1] where he characterized all the fuzzy subgroups of finite cyclic groups [l, Theorem 4.21. In this connection, he introduced the notion of "level subgroups" of a fuzzy subgroup which is based on the notion of a "level subset" introduced earlier by Zadeh. For a finite group Das showed that these level subgroups of a fuzzy subgroup form a chain [ 1, Corollary 3.11 and also constructed a fuzzy subgroup whose chain of level subgroups is maximal in the following special cases when the group is: (i) a direct product of cyclic groups of prime orders, (ii) abelian [l, Theorem 3.41 .
We analyze the level subgroups of a fuzzy subgroup in more detail and investigate whether the family of level subgroups of a fuzzy subgroup deter-mine the fuzzy subgroup uniquely or not. We first give an example to show that two fuzzy subgroups may have an identical family of level subgroups but the fuzzy subgroups may not be equal. However, we prove that two fuzzy subgroups with an identical family of level subgroups are equal if and only if their image sets are equal. We also rectify the inaccuracies which occur in some of the results of Das [ 11. Finally, we characterize all the fuzzy subgroups of a finite group thereby generalizing the results of Rosenfeld [9, Theorem 5.101 and Das [ 1, Theorem 4.21. As a corollary, we give an upper bound of the cardinality of the image set of a fuzzy subgroup of a finite supersolvable group, using a classical theorem of Iwasawa.
PRELIMINARIES
We review some definitions and results for the sake of completeness. The set A, is a subset of S in the ordinary sense. The notion of a level subset was first introduced by Zadeh. Clearly if G is a group and A is a fuzzy subgroup of G, then for any x belonging to G, we have A(xx-') = A(e) 2 min(A(x), A(x-')) = A(x), where e denotes the identity of G. Hence,
for every x in G [9, Proposition 5.41.
It is proved in Das [ 1, Theorem 2.11 that if G is a group and A is a fuzzy subgroup of G, then the level subset A,, for any t in [0, 11, t < A(e), is a subgroup of G in the usual sense. Conversely, he proves that for a group G, any fuzzy subset with the property that A,, for all t E [0, 11, t 6 A(e), is a subgroup and is, indeed, a fuzzy subgroup of G. Consequently, the motivation behind the following definition is clear: DEFINITION A,,<A,,< ... <A,, (2.6) where the image set of A consists of to,..., t,, where t,> t, > ... > t,, and t, is given by A(e) = t,. Further, A,, = G. In the following section we shall analyze the chain (2.6) in more detail.
Notation. If A is a mapping, then Im(A) denotes the image set of A.
CHARACTERIZATION OF FUZZY SUBGROUPS BY THEIR LEVEL SUBGROUPS
We solve here the problem of classifying fuzzy subgroups by their family of level subgroups. First in the following example, we show that two fuzzy subgroups of a group may have an identical family of level subgroups but the fuzzy subgroups may not be equal. However, (3.6) (and (3.7) contradict one another as the inclusions are both proper inclusions. Therefore, we must have that A,, = Bs,.
Now the rest of the proof follows by induction on i by using arguments exactly on the same lines as above and we omit the details. We finally obtain that A,, = B,, 0 < i < I, proving (ii). Hence we must have that s,, = to. Arguing in this manner, we obtain that si = t;, O<iir. Now, let go,..., g, be distinct elements of G such that A(gi) = ti, 0 6 id r. Then by Theorem 3.3 we have that B( gi) = si, 0 ,< i < r. Since si = ti, it now follows that A(x) = B(x) for each x E G. Hence A = B. 1 Let 9 denote the class of fuzzy subgroups of a finite group G. Define a relation on 9 as follows:
S-T, if and only if S and T have an identical family of level subgroups, for any S and T in 9.
We note that by the Example 3.1, two elements S and T of p may be such that S -T but S and T need not be equal. The following result is easy to prove: LEMMA 3.9. The relation N is an equivalence relation.
If SE 9, let [S] denote the equivalence class contained S. As the group G is finite, the number of possible distinct level subgroups of G is finite since each level subgroup is a subgroup of G in the usual sense. We remark that it has been proved by Das [ 1, Theorem 3.21 that any subgroup of a group G can be realized as the level subgroup of some fuzzy subgroup of G. From these remarks, it follows that the number of possible chains of level subgroups is also finite. As each equivalence class is characterized completely by its chain of level subgroups, we have the following result: COROLLARY 3.11. If G is a finite group, the number of distinct equivalence classes in 9, under the above definition of equivalence, is finite.
It follows from Corollary 3.11 that 9 can be written as a disjoint union
where [S,], 1 < i < k, are all the distinct equivalence classes. We observe that each equivalence class [S,] has however an infinite number of fuzzy subgroups (compare with Theorem 3.8 in this connection). In the following section we shall consider the family 9 again in more detail. 4 . SOME REMARKSON DAS [l] 4.1. In Das [ 1, Corollary 3.11, it is mentioned in the proof that if A is a fuzzy subgroup of a group G with identity e and if A(e) = t for some t E [0, 11, then A, = (e). However, the following counterexample shows that this is not always the case: -COUNTEREXAMPLE 4.2. Let G be any group and H be a nontrivial subgroup of G, that is, H is not equal to (e) or G. However, this is not true because on the one hand 9 x Z is an infinite set as Z has infinite cardinality but on the other hand the set B is a finite set given by B= {Af,:O<j<l,, 1 <ibk}.
Nevertheless, in spite of this error in the proof, the result of Das [ 1, Theorem 3.31 is fortunately still valid and we give a corrected version below.
THEOREM 4.5. Let 9 be the collection of all fuzzy subgroups of a finite group G and let I? be the collection of all the level subgroups of the members of 9. Then there is a one-to-one correspondence between the subgroups of G and the equivalence classes of the level subgroups under a suitable equivalence relation on B. If A is a fuzzy subgroup of a finite group G, then the cardinality of the set Im(A) is obviously less than or equal to the order of G. Now as an application of Theorem 5.1, we obtain a better estimate of the cardinality of Im(A) for the case when G is a supersolvable group: THEOREM 5.3. Let G be a finite supersolvable group. Then there exists a unique integer, s, where s is strictly less than the order of G, such that for any fuzzy subgroup A of G, we have that By Theorem 5.1, there exists a maximal chain of subgroups c,< c, < .'. <c,-, such that A,,,=CO, A,,=Ci, for some O<i,<s-1, A,,=C, for some i, < i, ds-1, etc. We note that s is an invariant of the group G, by the result of Iwasawa described at the beginning of the proof. From this the result now follows. 1
